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Abstract. In this paper we obtain a necessary and sufficient con- 
dition for the canonical solution operator to d restricted to radial 
symmetric Bergman spaces to be a Hilbert- Schmidt operator. We 
also discuss compactness of the solution operator in spaces of entire 
functions in one variable. In the sequel we consider several exam- 
ples and also treat the case of weighted spaces of entire functions 
in several variables. 



1. Introduction 

In this paper we consider Bergman spaces A^{D ,d^), where D is a 
disc in C and d^{z) = m{z)dX{z), m being a radial symmetric weight 
function. We also suppose that the monomials {-z"}, n G No constitute 
an orthogonal basis in A'^{D, d^). 

Let 



cl= / \zrd^{z). 
Id 



We solve the 9-equation du = g, where g G A'^{D, djj). 

It is pointed out in |[FS1|| that in the proof that compactness of the 



solution operator for d on (0, l)-forms implies that the boundary of 
VL does not contain any analytic variety of dimension grearter than or 
equal to 1, it is only used that there is a compact solution operator 
to d on the (0, l)-forms with holomorphic coefficients. In this case 
compactness of the solution operator restricted to (0, l)-forms with 
holomorphic coefficients implies already compactness of the solution 
operator on general (0, l)-forms. 

A similar situation appears in ||SSU|| where the Toeplitz C* -algebra 
T{yt) is considered and the relation between the structure of T{VL) and 



the (9-Neumann problem is discussed (see ||SSU|| , Corollary 4.6). 
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In many cases non-compactness of the canonical solution operator 
already happens when the solution operator is restricted to the corre- 
sponding subspace of holomorphic functions (or (0, l)-forms with holo- 
morphic coefficients, in the case of several variables.) (see |p^'Sl|| , ||SSU|| 



[2|). In this paper we will show that this phenomenon also occurs 
in the Fock space in one variable. 

The question of compactness of the 9-Neumann operator is of interest 
for various reasons (see ||I''S1|| ). 



We use the fact that the canonical solution operator S to d restricted 
to (0, l)-forms with holomorphic coefficients can be expressed by an 
integral operator using the Bergman kernel (see ||Has2|] ) : 



Sig)iz) = / K{z,w) {z - w) g{w) dniw) 



D 



where g G A'^{D, dfi) and K{z, w) is the Bergman kernel of A'^{D, dfi). 

With the help of this result we obtain a necessary and sufficient con- 
dition for the canonical solution operator to d restricted to A^{D,d^) 
to be a Hilbert-Schmidt operator. This condition is expressed in terms 
of the sequence (c„)„ defined above. 

It turns out that for D = D and d^{z) = (1 — \z\'^Y dX{z) a > 
the canonical solution operator is always Hilbert Schmidt, for the case 



a = see [IIas2 



In the following part we discuss compactness of the canonical solu- 
tion operator to d in spaces of entire functions in one complex vari- 
able. We show that the canonical solution operator for d as operator 
from L^(C, e~'^' ) into itself is not compact. This follows from the re- 
sult that the canonical solution operator for d restricted to weighted 
space of entire functions 74^(C,e~'^' ) (Fock space) into L^(C, e~'^' ) 
already fails to be compact. Further it is shown that the restriction to 
yl^(C, e"'^'™) , m > 2, is compact but not Hilbert Schmidt. 

In the sequel we also consider the case of several complex variables in 
a slightly different situation and show that the canonical solution op- 
erator to 5 is a Hilbert-Schmidt operator for a wide class of weighted 
spaces of entire functions using various methods from abstract func- 



tional analysis (see [|MV 



The canonical solution operator to d restricted to (0, l)-forms with 
holomorphic coefficients can also be interpreted as the Hankel operator 

H^{g) = {I-P){zg), 

where P : L^(i7) — > A^{VL) denotes the Bergman projection. See 0, 



CTTH , 0, [0 and for details. 
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2. Radial symmetric Bergman spaces 

The canonical solution operator has the properties dS{g) = g and 
Sig)±A\D,df,). 

Theorem 1. The canonical solution operator 

S : A^{D,dfi) — > L^{D,d^i) 
is a Hilhert Schmidt operator if and only if 

lim ^ < oo, 

where 

D 



Proof. By [[MV|] , 16.8, we have to show that there exists a complete 



orthonormal system (Mfc)fclo A'^{D,dfi) such that 



< oo. 



n=0 

For this purpose we take the complete orthonormal system Uk{z) = 
z'^/ck, then the Bergman kernel K{z,w) can be expressed in the form 



From [[Has2|| we know that 



oo U JU 

Z W 



r2 



S{Un){z) = ZUn{z) - I K{z,w)w Un{w) d^liw) . 

Jd 

First we calculate the integral 

j K{z,w)wUn{w) d^{w) = / w — 22 — — dfi{w) 



k=0 '^k 

/ 2 — d^{w) 

Jd 

dfi{w) 



Jd 

^ ~n-l 



2 ' 



where we used the fact that the series expansion of the Bergman kernel 
converges uniformly on compact subsets (see ||K1|| ). 
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Therefore we get 



\\S{Ur. 



D 



^2 , 



z z 



\2n-2 



-"n 



-'n—l 



dii{z) 



,2 U|2 



i4 2c„p 



cz 



•-n-l <-n-l. 



-'n-1 



Hence 



if and only if 



n=0 



-n+l 



lim 

n-»oo 



< oo 



< oo. 



□ 



Example. First we consider the case where D is the open unit disc 
in C and dii{z) = (1 - \z\'^)'^ dX{z), a>0. Here 



Tin\ 



hence 



(a + n + 1) (a + n) . . . (a + 1) ' 
n + 1 



a + n + 2 ' 

which implies by Theorem 2.1 that the corresponding canonical solution 
operator to d is always Hilbert Schmidt. 

Example. We now consider the case of the unit ball in and 
the weight 



Set 



dii{z) = (1 - \zi\^ - \z2VTd\{z) , a > 



= / i^ii'"M^2r"Mi-kir-k2i')"c^A(^). 

Jb2 



ni ,712 

Using polar coordinates we get 

,1 .(l-r2)V2 




,2ni+l ^2n2+l 



^2n2+i (^i-rl- riY dri dr2. 



^0 



Now we substitute si = 1 — — , S2 = I — r"^ and use properties 
of the beta-function (see ||K1|| ) 

"1 rS2 



2 2 
C = TT 



/ r{s2-SiT'{l-S2T'sldSidS2 

Jo Jo 

Jo 

= 7r^5(ni + l,a + l)S(n2 + l,a + ni + 2) 

vr^ rill 

(a + ni + ^2 + 2)(a + ni + ^2 + 1) . . . (a + 1) 
The Bergman kernel has the form 

TT^ (1 — ZiWi — Z2W2r^'^ 



^ oo 

Now let 



(a + ni+n2 + 2)...(a + l) 



vr^ — ' ni!?T,2! 

ni,n2=0 



^1 ^2 
Cfti ,n2 



{Z1,Z2) 

then the system 

{Um,n2{Zl,Z2) dZi 

) Uni,n2 {zi,Z2)dz2 : ni,n2 G No} 

constitutes an orthonormal basis for the space A^q ^-^(M'^ , dfi) of (0, 1)- 
forms with coefficenits belonging to A'^{M'^,dfi). 
Using the methods of Theorem 2.1 we obtain 



\\S{Uni^n2dz 



„2 2 
r— \||2 ^ni+l,n2 ni,n2 



p2 p2 

ni,n2 ^ni — l,n2 



a + n2 + 2 



{a + rii + n2 + 3) (a + ni + ^2 + 2) 



and 



\\S{Uni,n2d'Z' 



„2 2 
f— \||2 '"ni,n2+l ni,«2 



2^11 - ~:2 3 



711, n2 n\,n2 — l 



a + ni + 2 



Since 

oo 



(a + ni + ^2 + 3) (a + ni + n2 + 2) 

a + n2 + 2 
^ (a + ni + n2 + 2)(a + rii + n2 + 3) 



ni,n2 
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{a + ni+n2 + 2) (a + ni + ^2 + 3) 
the canonical solution operator 



fails to be a Hilbert-Schmidt operator. (For the case a = see [|Has2 
)■ 

3. Spaces of entire functions in one variable 
Now we consider weighted spaces on entire functions 

A'{C,e-\^n = {f--C-^C : 11/11^:= / e-l^l" rfA(^) < oo}, 

Jc 

where m > 0. Let again 

cl= [ \z\"'e-\'\"'dX{z). 



Then 

oo 



Kmiz,w) = ^ 



k=0 



C 



k 



is the reproducing kernel for A^(C, e 
In the sequel the expression 



p2 2 

will become important. Using the integral representation of the F— function 
one easily sees that the above expression is equal to 

\ m ) Km) 

Y l 2k+2 \ Y ('^\ ' 

\ m J \m ) 

For m = 2 this expression equals to 1 for each k = 1,2, . . . . We will be 
interested in the limit behavior for k —>■ oo. By Stirlings formula the 
limit behavior is equivalent to the limit behavior of the expression 

m J \m J ' 

as — > oo. Hence we have shown the following 

Lemma 1. The expression 



\ m J V m / 

Y (2k+2\ Y (^) 

\ m / \ m / 



tends to oo for < m < 2, is equal to 1 for m — 2 and tends to zero 
for m > 2 as k tends to oo. 

Let < p < 1, define fp{z) := f(pz) and fp{z) = zfp{z), for / e 
A2(C,e-l^l"'). Then it is easily seen that fp e L'^{C,e'\'\ ), but there 
are functions g G A^(C, e"'"'''") such that zg ^ L^(C, e"'''!'"). 

Let Pra : L2(C,e-l^l'") — > A2(C,e-l^l™) denote the orthogonal pro- 
jection. Then Pm can be written in the form 

Pm{f){z)^ [ Km{z,w)f{w)dX{w) , / G (C, e-l^^ . 

Proposition 1. Let m > 2. Then there is a constant Cm > depend- 
ing only on m such that 

[ fp{z)-Pm{f,){z)\-^^\'^dX{z)<Cm [ \f{z)\'e-^^^"'dX{z), 
Jc Jc 

for each < p <1 and for each f e A^(C, e"!^'""). 

Proof First we observe that for the Taylor expansion oi f{z) = J2h=o '^kZ^ 
we have 

/. oo ^ ^ / oo \ 



E 

k=i 



Ok 



k „k^k-l 



■ p Z' 



Now we obtain 



f,{z)-Pm{mz) e-^^^-^dXiz) 



p / OD oo 

[zJ2akp'z''-J2 

•^^ \ k=0 k=l 



(Ik 



k 



p Z 



oo 



oo 



X Z 



^k „k—k-l 



akp'^z'' - ^ Uk -Y- P"z" 

k=l ^k-l 
oo 



fe=0 

oo 



+ E 



\ \2_^\^k\ P \z\ -I2_^\ak\ -2 — p 

•^C k=Q k=l 

) e-l^l"'dA(^) 



dX{z) 



2fe| |2fe 



k=l 



2 ^fc 2k\ \2k-2\ 
4 r F 

4-1 

oo 



2fe / '"fe+l 



fe=l 



^2 2 



Now the result follows from the fact that 

„ oo 

/ |/(.)|Vi^rrfA(.) = $^ 



I |2 2 



and that the sequence ( — 



2 A 



k=0 

is bounded. 



□ 



lim 



< sup 

0<p<l Jc 



By Fatou's theorem 

f,iz)~PUfp)iz) 
\fiz)\'e-\^r dXiz) 



e-^^^^'dXiz) 



dX{z) 



^ Cm 

and hence the function 



F{z) ■.= -zY,auz' -Y. 



ak 



k=0 



k=l 



^k ^k-1 



^k-1 



belongs to L^(C, e l^'™) and satiafies 



\F{z)\'e-^^^"' dX{z) < / |/(z)|Vl^l'"rfA(^) 



The above computation also shows that lim^^i \\fp — Pm{fp)\\m = \\F\\m 
and by a standard argument for L^-spaces (see for instance 0) 

lim||/,-P„(/,)-F|U = 0. 

Proposition 2. Letm > 2 and consider an entire function f E A^(C, e^'^ 
with Taylor series expansion f{z) = J2T=o'^kz'' ■ Let 



c 



a-k 



k k-l 



CI 



k=0 k=l "'^-l 

2i 



and define Sm{f) '■= F. Then Sm '■ A {C,e 



L\C,e- 



IS 



a continuous linear operator, representing the canonical solution oper- 
ator to d restricted to A^(C, e~'^'™), i.e. dSmif) = f and Sm{f) -L 



Proof. A similar computation as in the proof of Proposition 1 in |Pas2 



shows that the function F defined above satisfies OF = f. Let Smif) '■ = 
F. Then, by the last remarks, Sm : ^^(C, e-l'l") — > L2(C, e"!"!'") is a 



continuous linear solution operator for d. For arbitrary h e ^^(C, e l^l*") 
we have 

{h, Sm{f))m = {h, F)m = lim(/i, fp-Pm{fp))m = lim(/l-P^(/l) , fp)m = 0, 

where (. , denotes the inner product in L^(C, e"'^''"). Hence Sm is 
the canonical solution operator for d restricted to ^^(C, e~l^l"'). □ 

Theorem 2. The canonical solufAon operator to d restricted to the 
space ^^(C, e"'^'™) is compact if and only if 

lim ( £^ - 4^ 1 = 0. 



Proof. For a complex polynomial p the canonical solution operator 5"^ 
can be written in the form 

Sm{p){z) ^ / K^{z,w)p{w){z -w)dX{w), 
Jc 

therefore we can express the conjugate in the form 

SmiQ)M= / Km{w,z)q{z){z -w)dX{z), 
Jc 

if 5 is a finite linear combination of the terms z^zK This follows by 
considering the inner product {Sm{p),q)m = {p,S^{q))m- 
Now we claim that 

S*^SM{^)-(^-4^)unH ,n = l,2,... 

and 

(? 

S^Sm{,Uo){w) = Uo{w), 



c5 



where {un{z) = z^ jcn-, /c = 0, 1, . . . } is the standard orthnormal basis 

of 712(0,6-^"). 

From the proof of Theorem 2.1 we know that 



Hence 



S^{un){z) = zun{z) - ^ , n = 1, 2, . . . . 



ZZ"' Cr,.Z^ ^ 



S*^Sm{Un){w) = Km{w,z){z -W) [ ^ ]dX{z) 

This integral is computed in two steps: first the multiplication by z 
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-2 



^3 yo2 



W 



And now the multiplication by w 



w 



W 



k=0 « ^ " 



w ■ 



c; 



2 „2 
n-1 "-'n— 1 



= 0, 
which implies that 



.2 ^2 

S';^5'm(M„)(w) = ( ^ ) Uniw) ,n = 1,2, . . . 



'^n '^n— 1 



the case n = follows from an analogous computation. 

The last statement says that S^Sm is a diagonal operator with re- 
spect to the orthonormal basis {un{z) = z'^/cn} of v4^(C, e~'^'™). There- 
fore it is easily seen that S^Sm is compact if and only if 



hm f % -^1=0. 



Now the conclusion follows, since S^Sm is compact if and only if S is 
compact (see for instance ||Wei||). □ 



Theorem 3. The canonical solution operator for d restricted to the 
space y4^(C, e"'^'™) is compact, if m > 2. The canonical solution oper- 
ator for d as operator from L^(C, e~'^' ) into itself is not compact. 
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Proof. The first statement follows immediately from Theorem 3.1 and 
Lemma 3.1. For the second statement we use Hormander's L^-estimate 
for the solution of the d equation Q : for each / G L'^{C, e~'^' ) there 



is a function u G L {C, e ) such that du = f and 

u{z)\^ e-\'\' dX{z) < A ! \f{z)\^e-\'\' d\{z). 
c Jc 

Hence the canonical solution operator for d as operator from L^{C, e"'^'^) 
into itself is continuous and its restriction to the closed subspace ^^(C, e' 
fails to be compact by Propositon 3.2 and Lemma 3.1. By the defini- 
tion of compactness this implies that the canonical solution operator 
is not compact as operator from //^(C, e~'^' ) into itself. □ 

Remark. In the case of the Fock space ^^(C, e"'^'^) the compostion 
S2S2 equals to the identity on y4^(C,e~l^l ), which follows from the 
proof of Theorem 3.1. 

Theorem 4. Let m > 2. The canonical solution operator for d re- 
stricted to A^(C, e~'^'"') fails to be Hilbert Schmidt. 

Proof. By Proposition 3.2 we know that the canonical solution operator 
is continuous and we can apply the method from Theorem 2.1 : now 
in our case we have 

£^ = r C^ILtA] /r C^mi 

c^ \ m J \ m 

which, by Theorem 2.1 and Stirling's formula, implies that the corre- 
sponding canonical solution operator to d fails to be Hilbert Schmidt. 

□ 

In the case of several variables the corresponding operator 5**5' is 
more complicated, nevertheless we can handle a sligthly different situ- 
ation with different methods from functional analysis (see next section). 

4. Weighted spaces of entire functions in several 

variables 

In this part we show that the canonical solution operator to (9 is a 
Hilbert-Schmidt operator for a wide class of weighted spaces of entire 
functions. 

The weight functions we are considering are of the form z 1— > Tp{z), 
where r > and p : C" — > M. We suppose that p is a plurisubharmonic 
function satisfying 

p*{w) := sup{3? < z,w > ~p{z) : z G C"} < 00. 

11 



Then p** = p and 



lim # 

\z\^oo \z\ 



OO 



see Lemma 1.1. in |Pasl|| ). And it is easily seen that 



/ exp[{T — a) p{z)] dX{z) < oo, 
Jc" 



whenever t — a < 0. 
We further assume that 



hm 44 

\z\^oo p{z) 



1, 



where p{z) = sup{p{z + () : \(\ < 1}. 

It follows that the last property is equivalent to the following condi- 
tion: for each a > and for each r > with t < a there is a constant 
C = C{a, r) > such that 

Tp{z) — <Jp{z) < C, 

for each 2; G C". 

Let A2(C",ap) denote the Hilbert space of all entire functions h : 
C" — >C such that 



< 00. 



Theorem 5. Suppose that p is a weight function with the properties 
listed above. Then for each a > there exists a number r > with 
T < a such that the canonical solution operator Si to d is a Hilbert- 
Schmidt operator as a mapping 

Si: A%^,){C\tp) L\C^,ap). 

Proof. By Lemma 28.2 from ||MV|| we have to show that 



\Si{f){z)\^ exv{-2ap{z))dX{z) 



.1/2 



< 



u 



where (., .) denotes the inner product of the Hilbert space i)(C"', rp), 
U is the unit ball of ^ (C", rp) , /i is a Radon measure on the weakly 
compact set U. and / = ^YTj=\ fj ^'^j 9 — '^j=i 9 3 ^'^r 
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We first show that for < r < ti < T2 < T3 < cr we have 

1/2 

|2 



\fj{z)\'eM-^rsp{z))dX{z) 
< a3,r, sup{|/,(z)| exp{-T2p{z)) : zee-} 
){z)\ exp{-Tip{z)) dX{z) 

1/2 



< r 

— ^T2,T1 



|/,(^)|^exp(-2rp(^))dA(^) 



for each / e ^^^^^^(C", rp). 

To show this assertion we make use of the assumption that the co- 
efficients of the (0, l)-form / are entire functions: 

The first inequality follows from the fact that 

/ exp((2T2 - 2t3)p{z)) d\{z) < 00. 

For the second inequality use Cauchy's theorem for the coefficients 
fj of / to show that for — {C, & : l-z — C| < 1} we have 



\m\<c [ \m)\dx{o 



< 



'I 


l/.(C)|exp(- 


'I 

Jb^ 


l/.(C)|exp(- 


a f 


l/.(C)|exp( 



where we used the properties of the weight function p. 

The third inequality is a consequence of the Cauchy-Schwarz inequal- 
ity: 



|/,(C)|exp(-np(C))rfA(C) 

|/,(C)| exp(-Tp(C)) exp((T - Ti)p(C)) dXiO 

1/2 



< 



/ |/,(C)pexp(-2rp(C))dA(C) / exp((2T - 2ti)p(C)) dA(C) 
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By Hormander's L^-estimates (0, Theorem 4.4.2]) we have for r < 
T3 < a and the properties of the weight function 



< 



< 



\S,{f){z)\' exp(-2r3p(z)) (1 + \z\T' dX{z) 
\f{z)\' exp{-2T,p{^))dX{z). 



Here we used the fact that the canonical solution operator Si can be 
written in the form Si{f) = v — P{v), where v is an arbitrary solu- 
tion to du = f belonging to the corresponding Hilbert space and that 
||Si(/)|| = \\v - P{v)\\ = mm{\\v -h\\ -.he A^} < \\v\\. 

Now choose T2 such that r < T2 < < a, then we obtain from the 
above inequalities 

1/2 

\Si{f){z)\' exp{-2ap{z))dX{z) 



\f{z)\i exp{-T2p{z)) d\{z) 



< D 



where D > is a constant and := + ■ ■ ■ + \ f„{z)\. 

Now define for 2; G C" and t < Ti < T2 



Then 



:=C-;,/,W exp{-np{z)). 
C~], sup{|/,(z)| exp{-np{z)) : zeC^} 



< 



\f,{z)\'exp{-2rp{z))dX{z) 



1/2 



which, by the Riesz representation theorem for the Hilbert space A^q (C". 
means that each 5^'"^ can be viewed as an element of U. 
For (j) G C{U) the expression 

K^) = D [ <P{5:^n^Miri-r2)piz))d\iz) 

defines a Radon measure on the weakly compact set U. 
This follows from the fact that 

< D sup{|0(^)| : geU} / exp((ri - T2)p{z)) d\{z). 
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Now take for the continous functions (f>j{gj) = \{fj,gj)\, where fj 
is fixed. Then 

/ \{f,g)\dfi{g) 
Ju 

= ^ / l/(^)|i exp(-rip(^)) exp((Ti -T2)p(^))dA(^) 
^ D ! \f{z)\,eM-r2P{z))dX{z) 

and hence 

/ |5i(/)(;.)|2exp(-2ap(^))ciA(;.) 

□ 
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